
Space-Variant Computer Vision: A
Graph Theoretic Approach

LeoGrady

CognitiveandNeuralSystems
BostonUniversity

– p.1/65



Outline of talk

� Space-variantvision - Why andhow of graph
theory

� Anisotropicinterpolation
� Isoperimetricsegmentation
� Topologyandnumericalef�ciency
� Multiresolutionsegmentation
� Conclusion- Futurework

– p.2/65



Biological visual sampling
Why hasevolutiondriventhisprocess?

(Hughes, 1977)
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Biological visual sampling
Visualarchetecturesatis�estheneedsof thesystem
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Biological visual sampling
The“TerrainTheory”of Hughes(1977)

(a)TreeKangaroo (b) GroundKangaroo
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Biological visual sampling
Problem:How to applycomputervision techniquesto
space-variantimages?

(a)4-Connected (b) 8-Connected (c) Kangaroo
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Biological visual sampling
Approach:Graphtheory

Nodescorrespondto pixelsandnodedensity
correspondsto resolution

� Naturallyextendsto 3D or dataclustering
� Appliesto any �eld de�ned onnodes(e.g.,image

intensity, coordinates)
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Advantagesof graph theory
Why shouldwebeinterestedin graph-theoretic
approachesto vision?

� Recentsuccessusinggraphtheoryin computer
vision

� Global-localinteractions
� Dimensionindependent
� Analogiesbetweengraphs,matrices,vector

calculusandcircuit theoryallows transferof
ideasandintuition

– p.8/65



Graph theory
How to useconceptsfrom calculusonagraph?

A graph is apairG = (V; E) with vertices(nodes)v 2 V andedges

e 2 E � V � V . An edge,e, spanningtwo vertices,vi andvj , is

denotedby eij . A weightedgraph hasavalue(typically nonnegative

andreal)assignedto eachedge,eij , denotedby w(eij ) or wij .

A eij vk =

8
>>><

>>>:

+1 if i = k;

� 1 if j = k;

0 otherwise:

Ceij ek s =

8
<

:
w(eij ) if i = k; j = s;

0 otherwise:

L v i v j =

8
>>>>><

>>>>>:

di if i = j ;

� w(eij ) if eij 2 E ;

0 otherwise:

di =
P

eij
w(eij ) 8 eij 2 E

L = A T CA
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Graph theory - Cir cuit analogy

ATy = f Kirchhoff 'sCurrentLaw

Cp = y Ohm'sLaw

p = Ax Kirchhoff 'sVoltageLaw
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Graph theory
Allowsstraightforwardtranslationof computervision
concepts

(a)Structure (b) Image (c) Edge-detection
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Graph interpolation
Problem:How to interpolateunknown nodalvalues
betweenknown nodalvalues?

Answer:Solve thecombinatorialDirichlet Problem
usingDirichlet boundaryconditionsat theknown
values

(a)Graph (b) Circuit – p.13/65



The Dirichlet Problem

Continuous Dirichlet integral

D[u] = 1
2

R

 jr uj2dV

Laplaceequation

r 2u = 0

Combinatorial Dirichlet integral

D[x] = 1
2xTATCAx

Laplaceequation

ATCAx = Lx = 0
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Dirichlet Problem
How aretheboundaryconditionsactually
incorporated?

D[x] =
1
2

xTLx

D[xi ] =
1
2

�
xT

b xT
i

�
�

Lb R
RT L i

� �
xb

xi

�

= xT
b Lbxb + 2xT

i RTxb + xT
i L i xi

L i xi = � RTxb
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Doesit work?
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Dirichlet Problem- Sowhat?
Connectionwith anisotropicdiffusion
(PeronaandMalik, 1990) suggestsusefor early
visionprocessing

Diffusionequation
dx
dt = Lx

Laplaceequation

0 = Lx
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Dirichlet Problem
AnisotropicLaplaciansmoothing

(a)Original (b) Samples (c) Interpolation
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Space-variant sampling
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Laplacevs. Diffusion

Conclusion

� Steadystatevs. transient
� Diffusionrequiresstoppingparameter(i.e., time)
� “Sampling”of Laplaceallowsmoreor less

smoothingin differentregions
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Isoperimetric Problem
Problem:For agivenvolume,whatshapehasthe
smallestperimeter?

Enclosingavolumewith aboundarymaybe
consideredasaseparationof thespace.

Segmentation:View imageasadiscretegeometry
wheretheimagevaluesspecifythemetricand�nd the
partitionsthatsatisfytheisoperimetricproblem.
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Isoperimetric Problem
For anarbitraryspace,theproblemis muchmore
dif�cult.

Formally, theisoperimetric constantfor aspaceis
givenas

h = inf
S

j@Sj
VolS

;

for any subsetof points,S.
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Isoperimetric Problem
How to de�ne problemfor adiscretegeometry
(graph)?

Insteadof points,S is asetof nodes.

S = f 4; 5g

S = f 1; 2; 3g

@S = f d;eg
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Graph formulation
De�ne anindicatorvector

xi =
�

0 if vi =2 S;
1 if vi 2 S:

Notethatspeci�cationof x de�nesapartition.

How to de�ne perimeter?

j@Sj = xTLx
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Graph formulation
How to de�ne volume?

NodalVolume VolS = xTr

NormalizedVolume VolS = xTd

Wherer is thevectorof all onesandd is thevectorof

nodedegree.
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Graph formulation
As ameasureof partitionquality, de�ne the
isoperimetric ratio as

h(x) =
xTLx
xTd

:

Strategy: Relaxx to take realvaluesanduseLagrange
multiplier to performaconstrainedminimizationof
theperimeterwith respectto aconstantvolume.
Namely, minimizexTLx subjectto theconstraint

xTd = k:
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Graph formulation
De�ne thefunctionQ(x) as

Q(x) = xTLx � �( xTd � k):

SinceL is positivesemi-de�nite(Biggs, 1974), Q(x)

takesminimaatcritical pointssatisfying

2Lx = � d:

Problem:Equationis singular- For aconnected

graph,L hasanullspacespannedby r .

– p.28/65



Cir cuit analogy
Sameequationoccursin circuit theory(BraninJr.,
1966) for a resistivenetwork poweredby current
sources.Mustgroundthecircuit in orderto �nd
potentials.

Lx = d L0x0 = d0
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Potentials
WhenL0x0 = d0 is solved,asetof potentialsis assignedto each
nodethatmustbethresholdedin orderto produceapartition.

Lemma:For any threshold,thesetof nodeswith potentialslower
thanthethresholdmustbeconnected.
Proof: Follows from themeanvaluetheoremwith positive
sources. – p.30/65



Partitioning algorithm recap

Stepsof thepartitioningalgorithm

1 Generateedgeweightsbasedon
image/coordinate/sensordata.

2 Chooseagroundnode,vg, andform L0; d0.

3 SolveL0x0 = d0 for x0.
4 Choosethresholdanddividenodesinto thesets

with potentialsaboveandbelow thethreshold.
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Spectralpartitioning
Spectralvs. Isoperimetric

� Eigenvectorproblemvs. systemof linear
equations

� If eigenvaluealgebraicmultiplicity is greaterthan
unity: Any vectorin thesubspacespannedby the
eigenvectorsis avalid solution.
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Data clustering
TheGestaltclusteringchallengesof Zahn
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Imageprocessing
Why shouldthiswork well?

Image Potentials Segmentation
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Imageprocessing
Whatis theeffectof choosingground?

– p.35/65



Imageprocessing
How to chooseweights?

wij = exp(� � jI i � I j j)

We term� thescale

(a) � = 30 (b) � = 50
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Recursivebipartitioning
How to applyisoperimetricpartitioningto
(unsupervised)imagesegmentation?

Recursively applybipartitioninguntil the
isoperimetricratioof thecut (i.e., thepartition
quality) fails to satisfyapre-speci�edisoperimetric
ratio.
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Recursivebipartitioning
No userinteraction- How to automaticallychoose
ground?

AndersonandMorley (1971) provedthatthespectral
radiusof L, � (L), satis�es� (L) � 2dmax. Therefore,
groundingthenodeof highestdegreemayhave the
mostbene�cial affecton thenumericalsolutionto
L0x0 = d0.
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Recursivebipartitioning
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Noiseanalysis
Segmentationof whitecircleonblackbackground

(a)Additive (b) Multiplicative

(c) Shot – p.40/65



Noiseanalysis

(a)Additive

Image Iso NcutsNoise

(b) Multiplicative

Image Iso Ncuts

(c) Shot

Image Iso Ncuts

– p.41/65



Other graphs
Becauseof the�e xibility of graphtheory, the
isoperimetricsegmentationalgorithmappliesto
generalgraphs.

(a)3D graph (b) Space-variant
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Krylo v subspaces
Krylov subspacemethodsarethemethodsof choice
for solvingboththesystemof linearequations
(conjugategradients)andtheeigenvectorproblem
(Lanczosmethod).

K (A; x0; k) = span(x0; Ax 0; A2x0; : : : ; A(k� 1)x0)

Thesolutionfoundateachiteration,i , of conjugate
gradientsis thesolutionto Ax = bprojectedontothe
Krylov subspaceK (A; Ax 0 � b;i ) (Dongarraetal.,
1991).
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Krylo v subspaces

K (A; x0; k) = span(x0; Ax 0; A2x0; : : : ; A(k� 1)x0)

Connectionwith diffusion

xi+1 = xi + � tLx i

Convergenceis directly relatedto graphdiameter.
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Krylo v subspaces
Idea:Use“small world” graphsto dramaticallylower
graphdiameterwith theadditionof aminimalnumber
of edges.

(a)Lattice (b) Smallworld – p.46/65



Krylo v subspaces
Convergencewith new edgesadded
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Krylo v subspaces
Resultsarelargelyunaffected.

(a)Original (b) Lattice (c) SmallWorld
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Multir esolutionanalysis

Commonapproach:

Image! Filter ! Process! Backprojectsolution

Usedfor speedandresilienceto noise
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Multir esolutionanalysis
Idea:Apply agraph-basedanalysisalgorithmto the
wholepyramidasa separategraph.
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Multir esolutionanalysis
Longrangeconnectionsimproveperformanceon
blurry images

Image Lattice PyramidBlur
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Multir esolutionsegmentation
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Multir esolutionanalysis
Doesn't thespeedsuffer with theadditionalnodes?

Computationsnearlythesamesincethegraph
diameteris small.
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Conclusion
CreatedGraphAnalysisToolboxfor MATLAB to be
publicly released:

� Implementationof toolsto allow processingof dataassociated

with graphs(e.g.,�ltering, edgedetection,Ncuts)

� Implementationof new algorithmsdevelopedin my doctoral

work

� Providestoolsfor transferringimagedatafrom Cartesianimages

to graphsof varyingresolution

� Providestoolsfor visualizingdataongraphs

� Includesspace-variantgraphdatafor over20species

� Hasscriptsto generateall the�gures in my dissertationand

papers

� IncludesacompleteUser'sManual

– p.56/65



Conclusion
Finalmessage:

Theanalogybetweengraphtheory, circuit theory,
linearalgebraandvectorcalculusprovides

� Establishedprinciplesthatdrivenew algorithm
design- with anintuition abouttheir functionality

� An ability to transferstandardcomputervision
techniquesto moregeneraldomainse.g.,
space-variantsensordata,higherdimensions,
abstractfeaturespaces

� Thepotentialfor alternatemethodsof
computationvia circuit construction
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Futur edir ections
Generaldirections

� Useof nodesto representimageregionsinstead
of pixels

� Incorporationof training/learninginto image
analysisalgorithms

� Pursueinteractive foreground/background
segmentation

� Objectrecognition
� Explorerelationshipwith statisticalimage

analysismethods
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Graph theory
Taubinetal. (1996) framesstandard�ltering in the
samecontext

(a) Image (b) Low-pass�lter (c) High-pass�lter
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Graph theory
Coordinate�ltering alsopossible(e.g.,a ring graph)

(a)Original (b) Low-pass�lter (c) High-pass�lter
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Dirichlet Problem
Sametechniqueworksfor simplegraphdrawing

(a)Original (b) Interpolated
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Isoperimetric Problem
Theisoperimetricconstantquanti�estheseparability
of aspace
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Spectralpartitioning
Spectralpartitioning(DonathandHoffman, 1972;
Pothenetal., 1990) adoptsadifferentapproachto
minimizing theisoperimetricratio.

Isoperimetricratio Rayleighquotient
h(x) = xT Lx

xT d R(x) = xT Lx
xT x

Resultsby Fiedler (1975a,b, 1973), Alon (1986) and Cheeger

(1970) characterizethe relationshipbetweenisoperimetriccon-

stantof a graphand the secondsmallesteigenvector of L (the

Fiedler value). TheNormalizedCutsimagesegmentationalgo-

rithm of ShiandMalik (2000) adoptsthis approachwith a differ-

entrepresentationof theLaplacianmatrix. – p.63/65



Spectralpartitioning
GuatteryandMiller (1998) demonstratedthatspectral
partitioningfails to performwell oncertainfamilies
of graphs

(a)Spectral

(b) Isoperimetric
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Imageprocessing
No edgeinformationpresent- TheKanizaillusion

(a)Potentials (b) Partition
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