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Abstract. The Mumford-Shah model has been one of the most powerful models in image segmentation and denoising. The optimization of the
multiphase Mumford-Shah energy functional has been performed using
level sets methods that optimize the Mumford-Shah energy by evolving
the level sets via the gradient descent. These methods are very slow and
prone to getting stuck in local optima due to the use of the gradient descent. After the reformulation of the bimodal Mumford-Shah functional
on a graph, several groups investigated the hierarchical extension of the
graph representation to multi class. These approaches, though more effective than level sets, provide approximate solutions and can diverge
away from the optimal solution. In this paper, we present a discrete
optimization for the multiphase Mumford Shah functional that directly
minimizes the multiphase functional without recursive bisection on the
labels. Our approach handles the nonsubmodularity of the multiphase
energy function and provide a global optimum if prior information is
provided.
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Introduction

The formulation of the image segmentation problem as an energy minimization
problem has been one of the most powerful and commonly used techniques in
the past couple of decades. For example, the piecewise constant Mumford-Shah
segmentation aims at minimizing the integral of the intensity deviations around
the mean of each class.
Minimizing such integral equation can be done in two ways [1] : First, to find
the associated partial differential equation and use numerical methods to solve
the PDE, in which case, discretization of the solution domain is used to optimize the continuous problem. An alternative method is to find the corresponding
discrete problem and employ combinatorial optimization tools to solve it. The
former method has been extensively used in image segmentation. However, it
suffers from several drawbacks such as: 1) it requires tuning for many parameters. When different parameters are used to discretize the solution domain,
the results may vastly change. 2) Local optimization tools such as the gradient
descent method are used for the optimization of the continuous problem, but
these methods get easily stuck in local optima and jeopardize the quality of the
output.
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Recent studies such as [2–4] are in favor of the second method. They unify
two of the most important frameworks in image segmentation; graph cuts and
deformable models. The ultimate goal of the new hybrid framework is to provide curve evolution models that can benefit from the arsenal of variational formulations of deformable models and meanwhile extend the robustness of these
algorithms by employing graph cuts optimization with the associated dynamic
labeling that tend to capture global optima in a relatively very short time.
Inspired by [2, 3], in this paper, we would like to extend their work by investigating the combinatorial optimization of the multiphase Mumford Shah energy
functional and its application to image segmentation problem and brain MRI
tissue classification. We will present a discrete formulation of the multiphase
Mumford-Shah segmentation functional and provide a graph construction that
represents the discrete energy function. Then, we will discuss the nonsubmodularity of the resulting function and employ Quadratic Pseudo Boolean Optimization (QBPO) [5] [6] and Quadratic Pseudo Boolean Optimization with Probing
(QPBOP)[7] to optimize the function.
1.1 Previous work
The optimization of the multiphase Mumford-Shah model have been previously
investigated by several research groups, either in a continuous framework [8–10]
or discrete framework [11–13].
Most of the continuous approaches are slow and do not provide an optimal
solution. Even the most recent recursive approach in [9] that used an efficient
global optimization for the 2-phase Mumford-Shah [14] does not guarantee the
global optimality of the multiphase function due to the recursive solution.
Despite the recent advancement of combinatorial optimization schemes that
yield global optima and exhibit low computational complexity, several problem
formulations are still suffering from local solutions associated with gradient descent solutions or recursive bisection schemes. In addition to local optimality, the
implementation of such schemes often comes at a very high computational cost
that limits the applicability of such algorithms. Recent examples of such models
include, but not limited to, [9, 15, 16]. This striking fact urged us to investigate
the fast and global optimization of the piecewise constant Mumford-Shah multiphase energy function that can be achieved by optimizing the corresponding
discrete functional on a graph using QPBO/QPBOP.
On the other hand, the extension of the discrete optimization of the 2-phase
Mumford-Shah model to multiphase is not straightforward. This is due to the
nonsubmodularity of the resulting discrete energy function. This problem has
been investigated in [11, 12]. The previous contributions presented a graph cut
optimization of the multiphase Mumford-Shah functional through a sequence of
binary segmentation steps. These recursive approaches are approximate and, in
certain scenarios, they may produce solutions that are very far from the optimal
solution [17]. Unlike Bae et al. [12] and El-Zehiry et al. [11], in this paper, we
directly minimize the multiphase energy function itself.
Recently, Delong and Boykov [18] presented an approach for multi-region
image segmentation. They build a graph of n layers to segment n classes and as-

Title Suppressed Due to Excessive Length

3

sign inter-layer links which weights depend on the geometric interactions among
the distinct classes. The authors dissected the geometric interactions into 3 main
interactions: containment, attraction which are submodular and exclusion which
is supermodular. However, the combinations of the previous interactions sometimes yield to nonsubmodularity in which case, the authors either truncate the
nonsubmodular terms or provide approximate solutions. Similar to [18], we construct a multi-layer graph, however, we use only log2 n layers to segment n
classes and our construction is independent of the geometric interaction among
the classes. Our experimental results will exhibit an example for a nonsubmodular geometric interaction that could not be globally optimized using [18] but has
been successfully segmented using our construction (See Figure 4 first image).
Binary encoding of multi-label problems has been discussed in [19, 13]. In
[19], two or more Boolean variables are used to to encode the states of a single
multi-label variable. For example, to encode a problem of a four class labeling,
they used the battleship transformation [20] that utilizes three Boolean variables.
The resulting binary interaction of the battleship transformation is submodular.
In our paper, we will use only two variables instead of three to encode a four class
labeling problem. The price of using less variables is that the resulting function
will be nonsubmodular.
While our work here also discusses the problem of multiphase labeling, unlike [18] and [19], we present a reformulation of the multiphase curve evolution
problem that is commonly used in different imaging applications. Our work will
improve the speed and quality of any application that uses the multiphase VeseChan curve evolution framework.
Bae and Tai [13] used fewer Boolean variables than [19]. However, they proposed a constraint on the relationship between the mean intensity values of
the distinct classes to guarantee the submodularity of the multiphase functional
(which restricts the input image significantly). If this constraint is not satisfied, they handle the optimization by multi-step case analysis of the constructed
graph. However, in our approach, we do not restrict the input domain but instead we deal with the nonsubmodularity of the multiphase function using QPBO
and QPBOP [21]. Moreover, although Bae and Tai did not discuss the 3-phase
segmentation in their work, we will handle this scenario in our paper.
Until recent, graph cuts used to provide complete global solutions only if the
function to be optimized is submodular. These recent significant contributions
[18, 13] towards the solution of the multiphase image segmentation problem aim
at avoiding nonsubmodularity, sometimes at very high cost. However, we believe that with the recent advancement in combinatorial optimization and the
introduction of QPBO and QPBOP, researchers are urged to overlook the submodularity constraint and start dealing with nonsubmodular functions and use
these powerful tools for the optimization. Although QBPO and QBPOP are
not guaranteed, theoretically, to provide complete solution, we found them very
efficient in practice as we will discuss in the results section.
The rest of the paper is organized as follows: Section 2 will review the VeseChan level set formulation for the Multiphase Mumford- Shah functional [8],
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It will present the discrete formulation of the energy function and provide the
graph construction and the optimization details of the discrete energy function.
Section 3 will introduce a sample of our segmentation results to synthetic and real
images, it will also exhibit the MRI tissue classification as a potential application
of the proposed approach. Finally, Section 4 will conclude the paper and present
insights for future improvements.

2

Methods

We start this section by reviewing the Vese-Chan level set formulation for the
multiphase image segmentation problem and then we proceed to the discrete
formulation and optimization.
2.1

Review of Level Set Formulation of the Multiphase Mumford
Shah model
This section will review the multiphase image segmentation approach presented
in [8]. Vese and Chan proved, using the four color theorem, that four classes
are sufficient to provide labeling for any number of classes. Therefore, we will
only focus on four and three class segmentation. Vese and Chan have presented a
multiphase image segmentation approach using level sets in [8]. Their multiphase
image segmentation approach extends their model in [22] by using several level
set function instead of one. One level set function can only separate two classes,
hence n1 = log2 n is the number of level sets necessary to segment n distinct
classes. Figures 1 illustrates how two level set functions separate among four
classes.

Fig. 1. Two evolving contours represented by two level set functions φ1 = 0
and φ2 = 0.
The two level set functions subdivide the domain into 4 regions;{φ1 > 0, φ2 > 0}, {φ1 >
0, φ2 < 0}, {φ1 < 0, φ2 > 0}and{φ1 < 0, φ2 < 0}. Courtesy of Vese and Chan. [8]

Two level set functions φ1 and φ2 span the input domain Ω such that Ω =
4
[

ωi where:

i=1

ω1 = {p | φ1 (p) > 0 and φ2 (p) > 0},
ω2 = {p | φ1 (p) > 0 and φ2 (p) < 0},
ω3 = {p | φ1 (p) < 0 and φ2 (p) > 0},
ω4 = {p | φ1 (p) < 0 and φ2 (p) < 0}.
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In [8], the authors perform the segmentation task by minimizing the intensity
deviation around the class means and minimizing the length of every level set
as a regularization.
The mean intensities inside each of the previous regions are represented by the
vector C = [c11 c10 c01 c00 ]. Hence the segmentation can be obtained by minimizing the energy functional in [8] represented by the following formulation;
Z
F (C, φ1 , φ2 ) =
(u − c11 )2 H(φ1 )H(φ2 )dxdy
Ω
Z
+
(u − c01 )2 (1 − H(φ1 ))H(φ2 )dxdy
Ω
Z
+
(u − c10 )2 H(φ1 )(1 − H(φ2 ))dxdy
(1)
Ω
Z
+
(u − c00 )2 H(1 − φ1 )(1 − H(φ2 ))dxdy
Ω
Z
Z
+ ν1
|∇H(φ1 )|dxdy + ν2
|∇H(φ2 )|dxdy.
Ω

Ω

ν1 and ν2 are weighting factors that control the length contribution in every
level set and H(φ) is the Heaviside step function of the level set φ.
2.2

Discrete Formulation

To provide a discrete formulation for the multiphase segmentation energy in (1),
each pixel p ∈ Ω will be associated with a vector of binary variables Xp = [xp yp ].
The vector components are defined as follows:

1, φ1 (p) > 0;
xp =
(2)
0, otherwise.

1, φ2 (p) > 0;
yp =
(3)
0, otherwise.
Hence, Xp ∈ {[1 1], [0 1], [1 0], [0 0]} and the labeling for the different classes
ω1 , ω2 , ω3 and ω4 are 11, 01, 10 and 00, respectively.
The discrete formulation of the segmentation energy is given by the discrete
function FD expressed as:
FD = FData + ν1 FL1 + ν2 FL2 .

(4)

Generally, the data and its fidelity can vastly vary depending on the problem
of interest. The same formulation can be used to solve other problems, far beyond
image segmentation, such as data clustering.
For simplicity, we will use the piecewise constant Mumford-Shah data fidelity
with a target application of multiphase 2D image segmentation, in which case,
FData , FL1 and FL2 are defined as follows:

6

Noha El-Zehiry and Leo Grady

(a)G1

(b) G2

(c) G3

(d) G

Fig. 2. Graph construction. (a) G1 , the graph that represents FL1 , (b) G2 , the graph
that represents FL2 , (c) G3 , the graph that represents FData and (d) The final graph
that represents FD .

FData =

X

(u(p) − c11 )2 xp yp +

p∈Ω

+

X

(u(p) − c01 )2 (1 − xp )yp

p∈Ω
2

(u(p) − c10 ) xp (1 − yp ) +

p∈Ω

FL 1 =

X

X X

X

(u(p) − c00 )2 (1 − xp )(1 − yp ), (5)

p∈Ω

|xp − xq |wpq ,

(6)

|yp − yq |wpq ,

(7)

p∈Ω q∈N (p)

FL 2 =

X X
p∈Ω q∈N (p)

where p = (x, y) represent an image pixel and the c00 , c01 , c10 and c11 are
the mean intensity values of the classes ω1 , ω2 , ω3 and ω4 , respectively. The
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pixel neighborhood N (p) belongs to the set of eight points neighbors of p (in
horizontal, vertical and diagonal directions) i.e. q ∈ {(i, j + 1), (i, j − 1), (i −
1, j), (i + 1, j), (i + 1, j − 1), (i + 1, j + 1), (i − 1, j − 1), (i − 1, j + 1)} and wpq is the
weight of the edge vp vq that represents a discrete representation of the boundary
length, details can be found in [2, 23]. The mean intensities are expressed as
follows:
P
p∈Ω u(p) xp yp
(8)
c11 = P
p∈Ω xp yp
P
p∈Ω u(p) (1 − xp )yp
c01 = P
(9)
p∈Ω (1 − xp )yp
P
p∈Ω u(p) xp (1 − yp )
c10 = P
(10)
p∈Ω xp (1 − yp )
P
p∈Ω u(p) (1 − xp )(1 − yp )
c00 = P
(11)
p∈Ω (1 − xp )(1 − yp )
To optimize the previous function, every binary variable will be associated
with a vertex in the graph. The vertices will be arranged in two layers, one layer
with the vertices corresponding to xp and another for the vertices representing
yp as shown in Figure 2. The intra-layer links will be determined based on the
FL1 and FL2 and the inter-layer links will be determined according to FData
(more details in the next section).
Several studies such as [11] and [12] have investigated the graph cut optimization of the multiphase Vese-Chan model. However, the discrete model in
(5) violates the submodularity constraint in [24] which made the graph representation of the energy function very challenging. In the previous contributions,
the authors presented a hierarchical approach to solve the multiphase segmentation problem by applying sequence of binary segmentation steps. With the
advances in the discrete optimization field and the contributions in [6] and [7],
the multiphase segmentation problem can be solved in a non sequential manner
that reduces the time complexity of the segmentation and improve the robustness of the model. The next subsection will present the discrete optimization of
the proposed energy function using Quadratic Pseudo Boolean Optimization.

2.3

Discrete Optimization

Kolmogorov and Rother [6] have reviewed the minimization of nonsubmodular
functions using Quadratic Pseudo Boolean Optimization, an approach that was
first introduced in the optimization literature by Hammer et al. in [5]. Similar to
graph cuts methods, QPBO works by reducing the problem to the computation
of a min S-T cut but with two fundamental difference. First; the constructed
graph contains double the number of vertices, as for every variable x two vertices
are added to the graph providing the vertex set V = {vx , vx |x ∈ X} and, in
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general, QPBO provides partial labeling for the vertices such that

vx ∈ S, vx ∈ T ,
 0,
vx ∈ T , vx ∈ S,
x = 1,

∅,
otherwise.

(12)

where ∅ means that QPBO fails to label the given vertex.
The utility of QPBO is determined by the number of vertices that the approach fails to label. Experimentally, it has been verified [21] that if the number
of nonsubmodular terms in the energy function is large, the output of QPBO
contains many unlabeled vertices (Rother et al. [21] reported that up to 99.9% of
variables could be undetermined). A promising approach to resolve this problem
is the extended roof duality presented in [25]. Rother et al. [21] also reviewed the
extended roof duality approach, first introduced by Boros et al. [25], and presented a more efficient implementation than Boros’s. Their work extends QPBO
by a probing operation that aims at calculating the global minimum for the
vertices that have not been assigned a label by QPBO. The approach is referred
to as QPBOP (Quadratic Pseudo Boolean Optimization with Probing). It has
been reported by Rother et al. that applying QPBOP can reduce the number of
unlabeled pixels from 99.9% to 0%.
Graph construction for the energy function in (4)
We will construct three graphs G1 , G2 and G3 for FL1 , FL2 and FData , respectively. Then, we will use the additivity theorem in [26] to provide the graph G
that represent the discrete energy FD .
Step1: Construct a graph G1 = (V1 , E1 ) with |V 1| = N such that every pixel p
has a corresponding vertex vp and add the weights as follows: ∀(p ∈ Ω∧q ∈ N (p))
and satisfying |xp −xq | > 0 add an edge wvp vq (detailed description for the weight
values is found in [2] and [23])
Step 2: Similarly, construct a graph G2 = (V2 , E2 ) with |V2 | = N such that
every pixel p has a corresponding vertex zp and add the weights as follows:
∀(p ∈ Ω ∧ q ∈ N ) satisfying |yp − yq | > 0 add an edge with weight wzp zq .
Step 3: Construct a 4-partite graph G3 = (V1 , V2 , S, T , E3 ) with an edge evp zp
with weight wvp zp = (u(p) − c11 )2 − (u(p) − c01 )2 − (u(p) − c10 )2 + (u(p) − c00 )2 .
Add an edge Svp with weight wSvp = (u(p) − c11 )2 − (u(p) − c10 )2 and an edge
zpT with weight wzp T =(u(p) − c01 )2 − (u(p) − c11 )2
Graphs G1 , G2 and G3 are depicted in Figure 2 (a), (b) and (c), receptively.
The additivity theorem in [26], the graph G = {V, E} is the graph in which
V = V1 ∪V2 ∪{S, T } and E = {evp zp | wvp zp |G = wvp zp |G1 +wvp zp |G2 +wvp zp |G3 }.
Figure 2 (d) illustrates the construction of graph G from G1 , G2 and G3 .
After constructing the graph as discussed, we apply QPBO to obtain the
labeling. Experimentally, QPBO gives complete labeling in most of the cases. If
QPBO does not provide complete labeling, we apply QPBOP, which found an
optimal solution in all of the images that we have segmented. For example, for
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3 class input image

xp

yp

Final segmentation result

4 class input image

xp

yp

Final segmentation result

Fig. 3. Three and four class segmentation via binary classifications on a two
layer graph. The first column contains the input images. The second column shows
the labeling of the vertices in layer 1 of the graph. The third column shows the labeling
of the vertices in layer 2 of the graph. The last column shows the final segmentation
results by combining the labels from the two layers.

the sample of the results in the this paper, QPBO provided complete labeling
for 11 out of 12 images and for the one image that QPBO gave partial labeling,
the probing succeeds to label all the vertices that QPBO missed. For segmenting
three classes, we simply assign the same data term for two classes and different
data terms for the remaining two. Figure 3 illustrates the segmentation of a
three class image and a four class image. The figure depicts the binary labeling
in each layer of the graph and the final segmentation obtained by combining the
binary labeling of the two layers.
2.4

Algorithm

Having introduced the mathematical formulation of our proposed solution, the
implementation details are summarized as follows: The function will be minimized on a graph G = {V, E}. The vertex set V = {v1 , v2 , ..., vN , z1 , z2 , ..., zN } ∪
{S, T } ; where N in the number of pixels in the input data set. i.e. each pixel p
in the input data set has a two corresponding vertices vp in the first layer of the
graph and zp in the second layer and S and T are auxiliary vertices representing
the source and target of the graph, respectively. The edge set E is subdivided into
intra-layer edges that correspond to the regularization and inter-layer links that
represent the data fidelity. Pseudocode of the algorithm is given in Algorithm 1.
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QPBO for the multiphase image classification
Input: A set of points p ∈ Ω with associated feature u(p)
Output: Labeling l(p) ∀p ∈ Ω and {l ∈ l1 , l2 , l3 , l4 }
begin
1. INITIALIZE the variables xp and yp ∀p ∈ Ω
while F i+1 − F i >  do
Calculate c11 , c01 , c10 and c11 using (8) to (11)
2. ADDING data fidelity edges
• Add an edge evp zp with weight wvp ,zp = (u(p) − c11 )2 - (u(p) − c01 )2 (u(p) − c10 )2 + (u(p) − c00 )2
• Add an edge eSvp with weight wSvp = (u(p) − c11 )2 − (u(p) − c10 )2 .
• Add an edge ezp T with weight wzp T =(u(p) − c01 )2 − (u(p) − c11 )2
3. ADDING boundary regularization
∀p, q ∈ Ω
if xp 6= xq then
Add an edge evp vq with weight wvp vq
end
if yp 6= yq then
Add an edge ezp zq with weight wzp zq
end
4. OPTIMIZE: Apply QPBO/QPBOP [21] to find the min cut C of
the graph G.
FIND LABELS QPBO/QPBOP provides the labels for xp and yp .
The binary combinations of xp and xq gives the labels l1 , l2 , l3 and l4 .
end
end

Algorithm 1: Algorithm for the discrete optimization for the multiphase
Mumford-Shah model.

3

Experimental Results

Figure 4 shows a sample of our segmentation results for input images with three
and four classes. The first column shows the input images, the second and third
columns display the final segmentation results and the piecewise constant approximation, respectively.
The first image in Figure 4 illustrate an example that results in frustrated
cycles in the construction presented in [18] (the sky class contains the moon
and the trees. the moon class excludes the trees class) but in our construction
(given c00 , c01 , c10 , c11 ), QBPO provided a complete labeling which guarantees
and optimal solution.
Tissue classification in brain magnetic resonance images is a potential application that can highly benefit from this approach. The classification algorithm
should subdivide the image into four classes; background, gray matter, white
matter and cerebrospinal fluid. We have applied our optimization of the multiphase Mumford-Shah to the BrainWeb simulated data set [27]. Figure 5 depicts
a sample of our results for MRI tissue classification. The first row shows three
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T1-weighted MRI slices in axial, coronal and sagittal views, respectively. The
second row displays the corresponding segmentation. The third row shows three
slices in the different views for T2-weighted MRI and their segmentation results
are depicted in the fourth row.
To validate our approach, we run our segmentation algorithm on 100 images
out of the simulated Brainweb data set. We repeated the experiments 8 times
with different regularization strength as we changes ν1 and ν2 from 0.001 to
10000. In the 800 trials, we obtained complete labeling which verify the efficiency
of QPBOP, even when a high regularization parameter was used.

4

Conclusion

Vese and Chan [8] presented a level set numerical implementation for the multiphase Mumford-Shah model and promoted its applicability to image segmentation. Later research papers investigated more efficient implementations for the
model. However, these studies either provide a continuous optimization which
is less robust and slower than discrete optimization or they apply recursive bisection that uses the bi-model Mumford Shah as a core for the segmentation
algorithm which affect the robustness of the segmentation whether the optimization is continuous or discrete. This paper provided a discrete optimization
for the multiphase Mumford Shah functional that does not require recursive
bisection and provides a globally optimal solution in practice. Most of the previous work avoids nonsubmodularity and exerts their efforts toward formulating
the multiphase segmentation problem in a submodular domain. But, our construction deals with the nonsubmodularity using QPBO/QPBOP which are very
efficient tools that, in practice, provided a globally optimal solution over all 800
segmentation trials.
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